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1. Introduction
A partial map or a partial function from a metric space (X, d) to a metric
space (Y, µ) is a pair (F, γ) where F is a closed non-empty subset of X and γ is
a function from F to Y . The space of all partial maps from X to Y is denoted
by P [X,Y ] and the space of all continuous partial maps from X to Y is denoted
by C[X,Y ].
The notion of bornological convergence of nets was introduced by Lechicki et
al. [10] and the notion of convergence of partial maps was introduced by Beer
et al. [1]. To extended the ideas of bornological convergence and convergence
of partial maps, in this paper using the notion of an ideal I on a directed set,
we first, generalize the notion of bornological convergence of nets to bornological
I-convergence of nets and then we generalize the concept of convergence of nets
of partial maps to the notion of I-convergence of nets of partial maps. Further
we introduce the concept of bornological I∗-convergence of nets as well as the
concept of I∗-convergence of nets of partial maps and study their relationship
with bornological I-convergence of nets and I-convergence of nets of partial maps
respectively.
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2. Basic definitions and notation
Definition 2.1. [9] If X is a non-empty set, then a family I ⊂ 2X is called an
ideal of X if
(i) ∅ ∈ I,
(ii) A,B ∈ I implies A ∪B ∈ I, and
(iii) A ∈ I ; B ⊂ A implies B ∈ I.
The ideal I is called non-trivial if I 6= {∅} and X /∈ I.
Definition 2.2. [9] A non empty family F of subsets of a non-empty set X is
called a filter of X if
(i) ∅ /∈ F ,
(ii) A,B ∈ F implies A ∩B ∈ F and
(iii) A ∈ F ; A ⊂ B implies B ∈ F .
Clearly, if I ⊂ 2X is a non-trivial ideal of X , then
F(I) = {A ⊂ X : X \A ∈ I}
is a filter on X , called the filter associated with I.
A non-trivial ideal of X(6= ∅) is called admissible if {y} ∈ I for each y ∈ X .
Throughout the paper, X = (X, d), Y = (Y, µ) will denote metric spaces,
P [X,Y ] will denote the space of all partial maps from the metric space X to the
metric space Y , G will denote a directed set (G,≥) and I will denote a non-trivial
ideal of G unless otherwise mentioned.
An ideal I of G will be written sometimes as IG to indicate the directed set G
of which I is an ideal.
Let Mγ = {α ∈ G : α ≥ γ}, γ ∈ G. Then the collection
F0 = {A ⊂ G : A ⊃Mγ for some γ ∈ G}
forms a filter in G. Let I0 = {A ⊂ G : G \A ∈ F0}. Then I0 is a non-trivial ideal
in G.
Definition 2.3. [11] A non-trivial ideal I of G is called G-admissible if Mn ∈
F(I) for all n ∈ G.
Definition 2.4. [12] A net {xγ}γ∈G in a metric space (X, d) is said to be I-
convergent to x ∈ X if for every ǫ > 0, {γ ∈ G : d(xγ , x) ≥ ǫ} ∈ I. In this case,
we write I − lim xγ = x.
Note 2.1. The above definition of I-convergence can be written as follows: a
net {xγ}γ∈G in a metric space (X, d) is said to be I-convergent to x ∈ X if for
every ǫ > 0,
{γ ∈ G : d(xγ , x) < ǫ} ∈ F(I).
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We now discuss the concept of bornology and the notion of bornological con-
vergence on a metric space (for more details see [1, 10]).
If a ∈ X and ǫ > 0, then B(a, ǫ) denotes the open ǫ-ball with center at a and
radius ǫ. If G is a nonempty subset of X , we write d(a,G) to denote the distance
from a to G and Gǫ to denote the ǫ-enlargement of the set G, i.e.,
Gǫ = {x : d(x,G) < ǫ} =
⋃
x∈G
B(x, ǫ).
Definition 2.5. If X is a non-empty set, then a family B of non-empty subsets
of X is called a bornology on X if the following conditions are satisfied:
(i) B covers X ,
(ii) A,B ∈ B implies A ∪B ∈ B and
(iii) A ∈ B ; B ⊂ A implies B ∈ B.
The family F of all non-empty finite subsets of X is the smallest bornology on X
and the family P0(X) of all non-empty subsets of X is the largest bornology on
X . Other important bornologies are: the family Bd of the nonempty d-bounded
subsets, the family Btb of the nonempty d-totally bounded subsets and the family
K of nonempty subsets of X whose closures are compact.
Definition 2.6. [10] Let B be a bornology on a metric space (X, d). A subfamily
B′ of B which is cofinal in B with respect to inclusion is called a base for the
bornology B. A bornology is called local if it contains a small ball around each
point of X . Also, a bornology is said to be stable under small enlargements if for
every B ∈ B there is ε > 0 such that Bε ∈ B.
Definition 2.7. [10] Let (X, d) be a metric space and B be a bornology on
(X, d). A net {Dγ}γ∈G in P0(X) is called B−-convergent (lower bornological
convergent) to D ∈ P0(X) if for every B ∈ B and ǫ > 0, the following condition
occurs eventually:
D ∩B ⊂ Dǫγ .
In this case, we write D ∈ B− − lim Dγ .
Similarly the net is called B+-convergent (upper bornological convergent) to
D ∈ P0(x) if for everyB ∈ B and ǫ > 0, the following condition occurs eventually:
Dγ ∩B ⊂ Dǫ.
In this case, we write D ∈ B+ − lim Dγ .
When both the upper and lower bornological convergences occur, we say two-
sided bornological convergence occurs and we write D ∈ B − lim Dγ .
Definition 2.8. [1] Let (X, d), (Y, µ) be metric spaces, B be a bornology onX . A
net {(Dγ , uγ)}γ∈G in P [X,Y ] is said to be P
−(B)-convergent to (D, u) ∈ P [X,Y ],
if for every B ∈ B and ǫ > 0, the following inclusion holds eventually:
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u(D ∩B1) ⊂ [uγ(Dγ ∩Bǫ1)]
ǫ, for all B1 ⊂ B.
In this case we write (D, u) ∈ P−(B)− lim(Dγ , uγ).
Similarly, the net {(Dγ , uγ)}γ∈G in P [X,Y ] is said to be P+(B)-convergent to
(D, u) ∈ P [X,Y ], if for every B ∈ B and ǫ > 0, the following inclusion holds
eventually:
uγ(Dγ ∩B1) ⊂ [u(D ∩Bǫ1)]
ǫ, for all B1 ⊂ B.
In this case we write (D, u) ∈ P+(B)− lim(Dγ , uγ).
If the net {(Dγ , uγ)}γ∈G is both P−(B)-convergent and P+(B)-convergent to
(D, u), then we say that {(Dγ , uγ)}γ∈G is P(B)-convergent to (D, u) and in this
case, we write (D, u) ∈ P(B)− lim(Dγ, uγ).
Definition 2.9. [1] Let B be a bornology on (X, d) and (E, v) ∈ P [X,Y ]. We
say that (E, v) is uniformly continuous relative to the bornology B if for every
B ∈ B with E ∩B 6= φ, the map
v : E ∩B → Y
is uniformly continuous.
We say that (E, v) is strongly uniformly continuous relative to the bornology
B if for every B ∈ B and for every ǫ > 0 there is η > 0 such that µ(v(x), v(w)) < ǫ
whenever d(x,w) < η and x,w ∈ E ∩Bη.
3. bornological I-convergence and I-convergence of nets of partial
maps
Definition 3.1. Let B be a bornology on X . A net {Dγ}γ∈G in P0(X) is called
B−I -convergent (lower bornological I-convergent) toD ∈ P0(X) if for everyB ∈ B
and ǫ > 0,
{γ ∈ G : D ∩B ⊂ Dǫγ} ∈ F(I).
In this case, we write D ∈ B−I − lim Dγ .
Similarly, the net {Dγ}γ∈G in P0(X) is called B
+
I -convergent (upper bornological
I-convergent) to D ∈ P0(X) if for every B ∈ B and ǫ > 0,
{γ ∈ G : Dγ ∩B ⊂ Dǫ} ∈ F(I).
In this case, we write D ∈ B+I − lim Dγ .
IfD ∈ B−I −limDγ as well asD ∈ B
+
I −lim Dγ , then we say that the net {Dγ}γ∈G
is bornological I-convergent to D and in this case, we write D ∈ BI − lim Dγ .
Definition 3.2. Let B be a bornology on X . A net {(Dγ , uγ)}γ∈G in P [X,Y ] is
said to be PI
−(B)-convergent to (D, u) ∈ P [X,Y ] if for every B ∈ B and ǫ > 0,
{γ ∈ G : ∀B1(⊂ B), u(D ∩B1) ⊂ [uγ(Dγ ∩Bǫ1)]
ǫ} ∈ F(I).
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In this case, we write (D, u) ∈ PI
−(B)− lim(Dγ, uγ).
Similarly, the net {(Dγ , uγ)}γ∈G in P [X,Y ] is said to be PI
+(B)-convergent to
(D, u) ∈ P [X,Y ] if for every B ∈ B and ǫ > 0,
{γ ∈ G : ∀B1(⊂ B), uγ(Dγ ∩B1) ⊂ [u(D ∩Bǫ1)]
ǫ} ∈ F(I).
In this case, we write (D, u) ∈ PI
+(B)− lim(Dγ, uγ).
If (D, u) ∈ PI
−(B)− lim(Dγ, uγ) as well as (D, u) ∈ PI
+(B)− lim(Dγ, uγ), then
we say that the net {(Dγ , uγ)}γ∈G is PI(B)-convergent to (D, u) and we denote
it by (D, u) ∈ PI(B)− lim(Dγ , uγ).
We now cite an example of a net of partial maps which is PI
+(B)-convergent
but not P+(B)-convergent.
Example 3.1. Let X = [−1, 0] and Y = R be two metric spaces with usual
metric. Let I = Id = {A ∈ N : d(A) = 0}, where d(A) is the asymptotic density
of the set A, defined by d(A) = lim
n→∞
|A(n)|
n
, where A(n) = {j ∈ A : j ≤ n} and
|A(n)| represents the number of elements in A(n). Then Id is a non-trivial ideal
in N. Let A = {k3 : k ∈ N}. Then A is an infinite subset of N and A ∈ Id. Let
us consider the function u : X → Y defined by u(x) = 0, ∀x ∈ X. Now for every
n ∈ A, let us define un : X → Y by
un(x) =
{
−nx− 1, if − 1
n
≤ x
u(x), otherwise.
and for every n /∈ A, we define, un : X → Y by un(x) = u(x), ∀x ∈ X. Then with
respect to the bornology B = P0(X), the sequence of partial maps {(X,un)}n∈N
is not P+(B)-convergent to (X,u) but is P+Id(B)-convergent to (X,u).
Theorem 3.1. Let {(Dγ , uγ)}γ∈G be a net in P [X,Y ] and B be a bornology on
X.
(a) If (D, u) ∈ PI
−(B)− lim (Dγ , uγ), then ∀B ∈ B and ∀ǫ > 0,
{γ ∈ G : D ∩B ⊂ Dǫγ} ∈ F(I).
(b) If (D, u) ∈ PI
+(B)− lim (Dγ , uγ), then ∀B ∈ B and ∀ǫ > 0,
{γ ∈ G : Dγ ∩B ⊂ Dǫ} ∈ F(I).
Proof. The proof directly follows from the definitions. 
Theorem 3.2. Let {(Dγ , uγ)}γ∈G be a net in P [X,Y ] and B be a bornology on
X. Then
(a) (D, u) ∈ PI
+(B)− lim (Dγ , uγ) if and only if for every B ∈ B and ǫ > 0,
{γ ∈ G : sup
z∈Dγ∩B
inf
x∈D∩Bd(z,ǫ)
µ(u(x), uγ(z)) < ǫ} ∈ F(I).
(b) (D, u) ∈ PI
−(B)− lim (Dγ , uγ) if and only if for every B ∈ B and ǫ > 0,
{γ ∈ G : sup
z∈D∩B
inf
x∈Dγ∩Bd(z,ǫ)
µ(u(z), uγ(x)) < ǫ} ∈ F(I).
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Proof. The proof is straight forward so is omitted. 
Now if B is a bornology on X , then {B × Y : B ∈ B} forms a base for some
bornology B∗ (say) on X × Y . Using this bornology B∗ on X × Y , we now show
that the PI
−(B) and PI
+(B) convergences in P [X,Y ] are actually the lower and
the upper bornological I-convergences of graphs respectively in X × Y , which
extend the results of [10] as well as of [1].
Theorem 3.3. Let {(Dγ , uγ)}γ∈G be a net in P [X,Y ] and B be a bornology on
X. Then, for (D, u) ∈ P [X,Y ], the following equivalences hold:
(a) Gr(u) ∈ (B∗I)
− − lim Gr(uγ) if and only if (D, u) ∈ PI
−(B)− lim(Dγ, uγ);
(b) Gr(u) ∈ (B∗I)
+ − lim Gr(uγ) if and only if (D, u) ∈ PI
+(B)− lim(Dγ, uγ).
Proof. (a) Let (D, u) ∈ PI
−(B) − lim(Dγ, uγ). To verify bornological conver-
gence of graphs, it is suffices to work with the basic sets in B∗. Let B × Y ∈ B∗,
where B ∈ B. Let ǫ > 0 be given. Then by Theorem 3.1 and Theorem 3.2 we
have
A = {γ ∈ G : D ∩B ⊂ Dǫγ} ∈ F(I) and
C = {γ ∈ G : sup
z∈D∩B
inf
x∈Dγ∩Bd(z,ǫ)
µ(u(z), uγ(x)) < ǫ} ∈ F(I).
Now A, C ∈ F(I)⇒ A ∩ C ∈ F(I). Let γ ∈ A ∩ C. Then both
D ∩B ⊂ Dǫγ (1)
and
sup
z∈D∩B
inf
x∈Dγ∩Bd(z,ǫ)
µ(u(z), uγ(x)) < ǫ (2)
hold. Now fix (z, u(z)) ∈ (B× Y )∩Gr(u) so that z ∈ D. Then by (1) Bd(z, ǫ)∩
Dγ 6= φ and by (2) there exists some x ∈ Bd(z, ǫ)∩Dγ, so that µ(uγ(x), u(z)) < ǫ.
So we have (x, uγ(x)) ∈ Gr(uγ) and (d× µ)((z, u(z)), (x, uγ(x))) < ǫ. This gives
Gr(u) ∩ (B × Y ) ⊂ Gr(uγ)ǫ. Therefore
A ∩ C ⊂ {γ ∈ G : Gr(u) ∩ (B × Y ) ⊂ Gr(uγ)ǫ}.
Since A ∩ C ∈ F(I), we have {γ ∈ G : Gr(u) ∩ (B × Y ) ⊂ Gr(uγ)ǫ} ∈ F(I).
Hence Gr(u) ∈ (B∗I)
− − lim Gr(uγ).
Conversely, let Gr(u) ∈ (B∗I)
− − lim Gr(uγ). Let B ∈ B and ǫ > 0 be given.
Choosing 0 < η < ǫ, we have
A1 = {γ ∈ G : Gr(u) ∩ (B × Y ) ⊂ Gr(uγ)η} ∈ F(I).
Let γ ∈ A1 and z ∈ D ∩ B be arbitrary. Then (z, u(z)) ∈ (B × Y ) ∩ Gr(u). So
there exists (y0, uγ(y0)) ∈ Gr(uγ) such that
(d× µ)((z, u(z)), (y0, uγ(y0))) < η.
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Thus we get y0 ∈ Dγ such that d(z, y0) < η < ǫ as well as µ(u(z), uγ(y0)) < η.
Therefore
inf
x∈Bd(z,ǫ)∩Dγ
µ(u(z), uγ(x)) < η.
Since z ∈ D ∩B is arbitrary, we have
sup
z∈D∩B
inf
x∈Bd(z,ǫ)∩Dγ
µ(u(z), uγ(x)) ≤ η < ǫ.
Thus
A1 ⊂ {γ ∈ G : sup
z∈D∩B
inf
x∈Bd(z,ǫ)∩Dγ
µ(u(z), uγ(x)) < ǫ}.
Since A1 ∈ F(I), we have {γ ∈ G : sup
z∈D∩B
inf
x∈Bd(z,ǫ)∩Dγ
µ(u(z), uγ(x)) < ǫ} ∈
F(I). Then by Theorem 3.2 (b) we have (D, u) ∈ PI
−(B) − lim(Dγ, uγ). This
completes the proof.
(b) The proof of (b) is similar to that of (a), so it is omitted.

Corollary 3.4. Let {(Dγ , uγ)}γ∈G be a net in P [X,Y ] and B be a bornology on
X. Then PI(B)-convergence on P [X,Y ] coincide with B∗I-convergence of graphs
of partial maps in X × Y .
Theorem 3.5. Let {(Dγ , uγ)}γ∈G be a net in P [X,Y ] and B be a local bornology
on X. If the net {(Dγ , uγ)}γ∈G is PI(B)-convergent to both the partial maps
(S, u) and (T, v), then S = T .
Proof. Let the net {(Dγ , uγ)}γ∈G be PI(B)-convergent to both the partial maps
(S, u) and (T, v). If possible, let S 6= T . Then without any loss of generality we
assume x ∈ S \ T . Since T is a closed subset of X , we have {x}ǫ ∩ T = ∅ for
some ǫ > 0. Choose 0 < δ < ǫ2 so that {x}
δ ∈ B. Let B = {x}δ. Since the net is
PI
−(B)-convergent to (S, u), we have
{γ ∈ G : ∀B1(⊂ B), u(S ∩B1) ⊂ [uγ(Dγ ∩Bδ1)]
δ} ∈ F(I).
Let us take B1 = {x}. Then we have
P = {γ ∈ G : u(S ∩ {x}) ⊂ [uγ(Dγ ∩ {x}δ)]δ} ∈ F(I).
Since u(S ∩ {x}) 6= ∅, we have uγ(Dγ ∩ {x}δ) 6= ∅ for all γ ∈ P . Now
v(T ∩B
ǫ
2 ) ⊂ v(T ∩ {x}ǫ) = ∅.
Thus for all γ ∈ P we have
uγ(Dγ ∩B) 6⊂ [v(T ∩B
ǫ
2 )]
ǫ
2 .
Hence
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P ⊂ {γ ∈ G : uγ(Dγ ∩B) 6⊂ [v(T ∩B
ǫ
2 )]
ǫ
2 }.
Since P ∈ F(I), we have
{γ ∈ G : uγ(Dγ ∩B) 6⊂ [v(T ∩B
ǫ
2 )]
ǫ
2 } ∈ F(I).
Thus
{γ ∈ G : uγ(Dγ ∩B) ⊂ [v(T ∩B
ǫ
2 )]
ǫ
2 } /∈ F(I),
which is a contradiction, since {(Dγ , uγ)}γ∈G is PI(B)-convergent to (T, v).
Therefore S = T . 
4. bornological I∗-Convergence and I∗-Convergence of nets of partial
maps
In this section, we introduce the notions of bornological I∗-convergence and
I∗-convergence of nets of partial maps and study their relationship with bornolog-
ical I-convergence and I-convergence of nets of partial maps.
Definition 4.1. Let (X, d) be a metric space and B be a bornology on X . A
net {Dγ}γ∈G ∈ P0(X) is said to be BI∗-convergent (bornological I∗ convergent)
to D ∈ P0(X) if there exists a set G′ ∈ F(I) such that G′ itself is a directed set
with respect to the binary relation induced from (G,≥) and the net {Dγ}γ∈G′ is
B-convergent to D.
In this case, we write D ∈ BI∗ − limDγ .
Theorem 4.1. Let I be a G-admissible ideal of a directed set (G,≥), {Dγ}γ∈G be
a net in P0(X) and D ∈ P0(X). Then D ∈ BI∗−limDγ implies D ∈ BI−limDγ.
Proof. Let D ∈ BI∗ − limDγ. Then there exists G′ ∈ F(I) such that G′ itself
is a directed set with respect to the binary relation induced from (G,≥) and
{Dγ}γ∈G′ is B-convergent to D.
Let B ∈ B and ǫ > 0 be given. Then there exists γ0 ∈ G′, such that for all
γ ∈ G′ with γ ≥ γ0, we have
D ∩B ⊂ Dǫγ and Dγ ∩D ⊂ D
ǫ.
Since I is G-admissible, Mγ0 ∈ F(I). Then Mγ0 ∩ G
′ ∈ F(I). Now
Mγ0 ∩ G
′ ⊂ {γ ∈ G : D ∩B ⊂ Dǫγ} ∩ {γ ∈ G : Dγ ∩B ⊂ D
ǫ}.
So {γ ∈ G : D ∩ B ⊂ Dǫγ} ∈ F(I) as well as {γ ∈ G : Dγ ∩ B ⊂ D
ǫ} ∈ F(I).
Hence D ∈ BI − limDγ. 
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Definition 4.2. [11] Let I be a G-admissible ideal of a directed set G. Then
I is said to satisfy the condition (DP) if for every countable family of mutually
disjoint sets {P1, P2, ...} in I there exists a countable family of sets {Q1, Q2, ...} in
G such that for each i ∈ N, Pi∆Qi ⊂ G\Mγi for some γi ∈ G and Q =
∞⋃
i=1
Qi ∈ I,
where ∆ stands for the symmetric difference between two sets.
Lemma 4.2. Let I be an ideal of a directed set (G,≥) satisfying the condition
(DP). Then for any countable family of sets {E1, E2, ...} in F(I) there exists a
E ∈ F(I) such that E itself is a directed set with respect to the binary relation
induced from (G,≥) and for each i ∈ N, E \ Ei ⊂ G \Mγ(i) for some γ
(i) ∈ G.
Proof. Let {E1, E2, ...} be a countable family of sets in F(I). Then {F1, F2, ...}
is a countable family of sets in I, where Fi = G \ Ei, ∀i ∈ N. Now we construct
a sequence of sets {Pi}i∈N as follows:
P1 = F1, P2 = F2 \ F1,..., Pi = Fi \ (F1 ∪ F2 ∪ ... ∪ Fi−1), . . .
Clearly, Pi ∈ I, for all i ∈ N and Pi ∩ Pj = ∅ for i 6= j. Since I satisfies the
condition (DP), there exists a countable family of sets {Q1, Q2, ...} in G such that
for each i ∈ N, Pi∆Qi ⊂ G \Mγi for some γi ∈ G and Q =
∞⋃
i=1
Qi ∈ I. Now, fix
i ∈ N. Then
Fi \Q ⊂ (
i⋃
j=1
Fj) \Q = (
i⋃
j=1
Pj) \Q =
i⋃
j=1
(Pj \Q) ⊂
i⋃
j=1
(Pj \Qj) ⊂
i⋃
j=1
(Pj∆Qj) ⊂
i⋃
j=1
(G \Mγj ).
Now for γ1, γ2, ..., γi, there exists γ
(i) ∈ G such that γ(i) ≥ γj , ∀j = 1, 2, ..., i.
Then
Fi \Q ⊂
i⋃
j=1
(G \Mγj ) ⊂ G \Mγ(i) .
Let E = G \Q. Then E ∈ F(I) and E \Ei = Fi \Q ⊂ G \Mγ(i) .
We now show that E itself is a directed set with respect to the binary relation
induced from (G,≥). It is clear that ≥ is reflexive and transitive on E. Now, let
e1, e2 ∈ E. Since e1, e2 are two elements of G, there exists e ∈ G such that e ≥ e1
and e ≥ e2. Now E ∩Me ∈ F(I). Let e′ ∈ E ∩Me. Then e′ ≥ e and so e′ ≥ e1
and e′ ≥ e2. Therefore E is a directed set with respect to the binary relation
induced from (G,≥). 
Theorem 4.3. Let I be an ideal on a directed set (G,≥) satisfying the condition
(DP), (X, d) be a metric space and B be a bornology on X. Then for any net
{Dγ}γ∈G in P0(X) and D ∈ P0(X), D ∈ BI − limDγ implies D ∈ BI∗ − limDγ.
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Proof. Let D ∈ BI − limDγ. Let B ∈ B and ǫ > 0 be given. Since D ∈
BI − limDγ , for each j ∈ N,
Aj = {γ ∈ G : D ∩B ⊂ D
1
j
γ } ∈ F(I) and
Bj = {γ ∈ G : Dγ ∩B ⊂ D
1
j } ∈ F(I).
Let Ej = Aj∩Bj , j ∈ N. Then Ej ∈ F(I), ∀j ∈ N. Since I satisfies the condition
(DP), by Lemma 4.2, there exists E ∈ F(I) such that E itself is a directed set
with respect to the binary relation induced from (G,≥) and for each j ∈ N,
E \ Ej ⊂ G \Mγ(j) for some γ
(j) ∈ G. Now for the above ǫ > 0, there exists
j ∈ N such that 1
j
< ǫ. Then for that j, E \ Ej ⊂ G \Mγ(j) for some γ
(j) ∈ G.
Then for all γ ∈ E and γ ≥ γ(j) we have γ ∈ Ej = Aj ∩Bj and so
D ∩B ⊂ D
1
j
γ ⊂ Dǫγ and
Dγ ∩B ⊂ D
1
j ⊂ Dǫ.
Therefore D ∈ BI∗ − limDγ. 
We now introduce the notion of I∗-convergence of nets of partial maps.
Definition 4.3. Let (X, d), (Y, µ) be two metric spaces, B be a bornology on
X . A net {(Dγ , uγ)}γ∈G ∈ P [X,Y ] is said to be PI∗(B)-convergent to (D, u) ∈
P [X,Y ] if there exists a set G′ ∈ F(I) such that G′ itself is a directed set with
respect to the binary relation induced from (G,≥) and the net {(Dγ , uγ)}γ∈G′ is
P(B)-convergent to (D, u).
In this case, we write (D, u) ∈ PI∗(B)− lim(Dγ , uγ).
Theorem 4.4. Let I be a G-admissible ideal of a directed set (G,≥), {(Dγ , uγ)}γ∈G
be a net in P [X,Y ] and (D, u) ∈ P [X,Y ]. Then (D, u) ∈ PI∗(B)− lim(Dγ , uγ)
implies (D, u) ∈ PI(B)− lim(Dγ , uγ).
Proof. Starting from (D, u) ∈ PI∗(B) − lim(Dγ, uγ) and using the proof tech-
nique of Theorem 4.1 we get (D, u) ∈ PI(B)− lim(Dγ , uγ). 
Theorem 4.5. Let I be an ideal on a directed set (G,≥) satisfying the condition
(DP), (X, d), (Y, µ) be metric spaces and B be a bornology on X. Then for any net
{(Dγ , uγ)}γ∈G in P [X,Y ] and (D, u) ∈ P [X,Y ], (D, u) ∈ PI(B) − lim(Dγ , uγ)
implies (D, u) ∈ PI∗(B)− lim(Dγ, uγ).
Proof. Starting from (D, u) ∈ PI(B)−lim(Dγ, uγ) and using the proof technique
of Theorem 4.3 we get (D, u) ∈ PI∗(B)− lim(Dγ , uγ). 
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